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clutch for various 
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Photo taken at 
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Source: Chang-Yeon Cho, 
Jeong-Heon Kam, Han-Ki 
Hong, Carsten Lövenich, More 
Efficiency with the Dry Seven-
speed Dual-clutch 
Transmission by Hyundai, in 
ATZ Vol. 118, No. 06|2016, pp. 
38 – 41, 2016
© Hyundai
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Symbolic Regression

Given: 

𝑋 … input matrix

𝒚 … target vector

𝐿 = 𝐺(Expr) … set of expressions defined via grammar 𝐺

Obj(𝑋, 𝒚, 𝑓) … objective function

Find: 𝑓∗ 𝑥 = argmin
𝑓∈𝐿

Obj(𝒚, 𝑋, 𝑓)
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Grammar-guided Tree-based GP

G(Expr):

Expr = Term + Expr | Term

Term = Fact * Term | Fact

Fact = <const> | x

𝑓 𝑥 = 5 ∗ 𝑥 + 3.14 + 𝑥
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Gradient-based 
optimization
of parameters
(constants)

GP Workflow
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Prediction of Friction System Performance

Target variables: 
• friction coefficient

• change of temperature

• wear

Controlled variables:
• Numeric / continuous: temperature, pressure, sliding speed, inertia, …

• Nominal: friction material type, oil type, grooving type
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First Approach: One-Hot-Encoding

Pressure, 
Speed,
Energy, …

Material 
Type

Material 
Type
A

Material 
Type
B

Material 
Type
C

A 1 0 0

A 1 0 0

B 0 1 0

C 0 0 1

C 0 0 1

C 0 0 1

B 0 1 0
18



Difficulties with One-Hot-Encoding in GP

With one-hot encoding:

෢∆𝑇 = 𝑇 + 𝑐𝑜 cycles + c1 𝑝 + 𝑐2Mat𝐴 𝑝 + 𝑐3Mat𝐵 𝑝

+
1

𝑝
𝑐4Mat𝑏 + 𝑐5 MatA + exp c6 Mat𝐶

With material-dependent “factors-variables”:

෢∆𝑇 = 𝑇 + 𝑐𝑜 cycles + Mat 𝑝 + Mat
1

𝑝
+ Mat
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The Novel GP Extension: Factor Variables
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Optimization of Factor Variables

We use gradient information and a Quasi-Newton method for optimizing all numeric parameters of 
symbolic regression models [Topchy and Punch, GECCO 2001] [Kommenda et al., GECCO 2013].

E.g. for optimizing the sum of squared errors:

The gradient of 𝑓 𝑥, 𝛽 over parameters 𝛽 is useful and can be calculated easily

Factor variables simply induce additional numeric parameters!
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Optimization of Factor Variables

• Gradient can be calculated easily using automatic differentiation with 
an effort factor of O(d)

• No numeric estimate of the gradient! 
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Does it work?
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It works!
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Generating FunctionSymbolic Regression Result
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Public data set: http://dev.heuristiclab.com/AdditionalMaterial

http://dev.heuristiclab.com/AdditionalMaterial


Results for Predicting the Friction Coefficient
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Results for Friction Performance Prediction

(scaled) (scaled)
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Results for Friction Performance Prediction 

SR with one-hot encoding SR with factor variables
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Summary

• Introduced factor variables for genetic programming

• Described gradient-based optimization of factor variables

• Successfully applied to friction system prediction

Factor variables are useful for modeling systems with nominal variables 
which change the response of the system but not the fundamental 
mechanics of the system.
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